Abstract The 1=N expansion is a popular tool for investigating non-perturbative long range phenomena. In many body models, discretization of the Fermi surface naturally introduces a many component picture. If, for example, number symmetry is broken, N (e 1 ) (d1) where > 0 is the bare coupling constant. We expect that this intrinsic 1=N expansion appears whenever the \free propagator" of the system is singular along a hypersurface (for instance, in the Anderson model for localized and extended states).
xI Introduction
Most interesting long range physical phenomena, such as quark con nement, or pairing in the BCS theory of superconductivity, are non-perturbative. To analyze nonperturbative e ects one usually consider models with a variable number, N, of components.
The strategy is to resum the set of graphs that dominate when N ! 1 , then to develop an expansion in 1=N .
This approach works best for \vector models". In such models with a (~ ~ ) 2 or four fermi interaction, the N = 1 set of graphs is a geometric series of \bubbles" that can be resummed. Applying this remark, mass generation in two-dimensional non-linear models can be studied order by order in 1=N and presumably be established rigorously for N large enough. In the more complicated case of a matrix model (e.g. con nement), the N = 1 set of graphs consists of all planar graphs. It cannot easily be resummed. In these two examples, the 1=N expansion is only a useful arti ce because the number of components is not a physical variable and is not particularly large.
We argue, in xII, that the Fermi surface induces an intrinsic 1=N expansion for the BCS model, in which the number N = (1= ) d1 of components is the number of elements in a discretization 2a] of the Fermi surface. Here e ?1= is the BCS gap. The number of components can be increased by decreasing the coupling constant > 0. We argue that this is why the usual BCS gap equation, the result of a one-loop computation, is a good approximation. Similar remarks apply to many other approximations of solid state physics in which the \free propagator" of the system is singular along a hypersurface, for instance the Anderson model for a single electron in a random potential or with random spin-orbit coupling.
In this letter, we restrict ourselves for simplicity to`= 0 superconductivity in we assume that > 0 and hs 0 ; ?s 0 jVjt 0 ; ?t 0 i is attractive and dominant in the`= 0 sector. To investigate the long range behavior of correlation functions at low temperature, it is natural to use a renormalization group analysis ( 1a,b]) near the Fermi surface. This entails slicing the free propagator around its singularity on the Fermi sphere. The renormalization group generates an e ective slice-dependent interaction.
In Euclidean eld theory, one de nes the momentum k to be of scale j if jkj 2 j . As j ! 1 (?1), the momentum k approachs the ultraviolet (infrared) end of the model. in nity. The other coupling constants remain much smaller than 0 . This approximation breaks down at about scale . The divergence of a ow generated by a \Fermi surface" away from a Gaussian xed point towards a nontrivial xed point is typical of many symmetry breaking or mass generation phenomena in condensed matter physics.
This renormalization group analysis reveals three distinct energy regimes. Fix a 1 and let be the BCS gap. In the rst regime at scales j for which 2 j > a the e ective coupling constant 0 (j) can be used as a small parameter. Symmetry breaking takes place in the second regime where 1 a < 2 j < a . In the third regime 2 j < 1 a the physics of the Goldstone boson dominates. As explained above the e ective coupling constant is not small in the latter two regimes. We will show that there is another small parameter there.
Consider now the middle, symmetry breaking, regime. The scale at the top is = log 2 a . We make the Ansatz, based on the above picture, that the e ective vertex at scale is given by the BCS interaction for The last vertex clearly has the structure typical of an N-component vector model with N = const ?(d1) . Pictorially, sectors (\colors") 1 and ? 1 enter at the left of an interaction line and sectors 2 and ? 2 emerge at the right. Thus, sector is conserved up to ips as it ows along particle lines in a graph.
We now check, by power counting, that the e ective coupling constant of the vertex is 1=N. Let G n;p be a connected graph with n vertices (II.3) and 2p external lines. First assume that each internal line has a single sector propagator S(k) (k) ik 0 ?e(k) : Each such propagator is bounded in magnitude by 1 and supported on a set of volume d+1 . Since the number of lines in this graph is l = 2n?p and the number of independent loops is L = l?n+1 = n?p+1, the perturbative power counting for G n;p is
In other words each vertex has weight 1=N .
As usual, in a vector model, we must perform the sum over sector assignments to the lines of G n;p . The vector structure of the vertex implies that there is one such sum, containing N terms, for each particle loop. Each m-loop, containing m half vertices and one 2-loop 4-loop 6-loop sector sum, is O (N 1?m=2 ) . Thus, the bubble is O(1), while other loops are higher order in 1=N. Our conclusion is that in the symmetry breaking regime the weights in powers of the small parameter 1=N are those of a vector model.
xIII The Goldstone Boson Regime
Consider now the third, Goldstone boson, regime. We reexpress the model (II.2), using a Hubbard-Stratonovich transformation, which introduces two bosonic elds 1 When the fermions are integrated out, the resulting model has generalized vertices of the same form as in the previous gure (but with loops of odd orders also since number symmetry has been broken). The solid lines in these generalized vertices no longer have arrows and are evaluated using the propagators
All other combinations are zero. In momentum space these lines are bounded by const and have support of volume const 2 . Now form propagators for ; by combining the constant and O(q 2 ) terms from the Taylor expansion of the 2-loop with the second line of (III.1). The propagator for is a constant. For it is given by const 2 q 2 0 +constq 2 . Thus, a many Fermion system in the Goldstone 7 boson regime power counts like a local eld theory with one massive and one massless boson and an overall ultraviolet cuto . There are vertices m n for all m and n. All of these vertices are superrenormalizable with the exception of m = 0 ; n 6 and m = 1 ; n 3 in two dimensions and m = 0 ; n 4 and m = 1 ; n 2 in three dimensions. 
